In the vision-based shape control system of silicon single crystal (SSC) growth, shape parameters are used as the control variables to make the grown SSC approximate to a perfect cylinder. A highlight halo at the junction of the solid crystal and the liquid crysta is a distinctive feature that reflects the current shape of SSC, and the edge of the captured halo is an elliptic arc that consistently changes with the shape of the halo. To estimate the shape parameters through the elliptic arc, we propose a two-side (TS) constraint method to fit the elliptic arc. Firstly, the error correction parameter is introduced into the secondorder polynomial model to make the model more robust in the case of noise disturbing, and the resultant non-convex TS constraint model is constructed. Then, two weighted functions, which give the data out of TS constraint a small weight coefficient to resist the large level noise disturbing, are brought into the TS constraint optimization problem tactfully. Simulation and real SSC data examples show that the proposed method can obtain the elliptic arc parameters effectively.
I. INTRODUCTION
In the industrial silicon single crystal (SSC) control system, automatic measurement sensors are used for collecting the pattern features of SSC. With the help of these features, the control system can accurately control the quality of SSC and avoid wasting materials [1] - [5] . These features, especially elliptic arc [6] - [9] , are important for the shape control system of SSC growth.
The high-quality source materials, which are used as semiconductor devices and solar cells, etc., are made from perfect cylinder SSC. The cylinder SSC can be seen as many crystal slices stacking [10] , as shown in Fig.1(a) . All crystal slices that must have the same center and diameter stack up to a perfect cylinder SSC. In the process of SSC growth , three common situations often occur: 1) the crystal slices have equal diameter but with different center; 2) the crystal slices with different diameters have the same center ; 3) the crystal slices have different centers and diameters simultaneously. The above three scenarios are visualized in Fig. 1(b) . If any of the three cases happen, the grown SSC will be useless or have
The associate editor coordinating the review of this manuscript and approving it for publication was Wei Wei . low usage value [10] . Therefore, the diameter and the center of the current crystal slice are the vital information for the control system [9] , [11] .
Charge-coupled device (CCD) camera fixed at the outside view window of furnace is used to capture the shape information. There exists a highlight circle halo at the junction of the solid crystal and the liquid crystal. Since the CCD camera is not right above the cylinder SSC, the circle halo is mapped into the image plane as an elliptic halo. The elliptic arc fitting method is used to fit the outer elliptic arc of the elliptic halo [9] , and then the fitted ellipse has the same ellipse parameters as the elliptic halo. The parameters of the fitted ellipse on the image plane uniformly change with the shape parameters of the current crystal slice. Therefore, parameters of current crystal slice can be controlled by measuring the parameters of the fitted ellipse.
There are many ellipse fitting engineering applications, such as boundary delineation in optoacoustic images [12] , cell segmentation [13] , automatic gauge detection [14] and epicardial fat segmentation [15] , and so on. The methods to fit the ellipse can be classified into two categories: clustering techniques and least-squares (LS) methods. The Hough transform (HT) method [8] and its variants belong to the former category, which need expensive computational burden due to optimal parameters searching in 5-dimensional space. LS methods can be further divided into two categories: 1) geometric methods are based on the orthogonal distances between the data points and the estimated ellipse, such as parallel chord method [16] and tangent chord method [17] ; 2) algebraic methods are widely used because these methods can be employed to obtain the parameters simply. For example, direct least square fitting (DLSF) method obtains the elipse parameters by solving a generalized eigenvalue problem [18] , and the constrained least squares method solves a least-squares problem with a unit-norm constraint on the ellipse parameters [19] . Besides, the Bayesian method [9] is based on the probability theory, which constructs a Markov chain and samples the ellipse parameters from the joint posterior distribution, and obtains the optimal parameters after sufficient number of iterations.
In the image plane, the elliptic halo parameters of SSC are estimated by fitting a set of edge points that are only distributed on part of the ellipse. Especially, in noisy environment, the performance of the existing algorithms will be affected. To address this problem, this paper develops a twoside (TS) constraint method, which belongs to the algebraic method. It is worth highlighting two aspects of the proposed method here: 1) We introduce the error correct parameter into the second-order polynomial model, which is more robust in the case of noise disturbing. The TS constraint model is proposed in the context of error correct parameter.
To solve the TS constraint optimization problem, auxiliary variables are introduced to separate the elliptic parameters from the TS constraint. Then, the parameters and variables are determined via alternating direction method of multipliers (ADMM) [20] , [21] ; 2) Two weighted functions are brought into the TS constraint optimization problem to decrease the effect of the large level noise. The rest of this paper is organized as follows. The basic problem of elliptic arc fitting is formulated in Section II. The proposed TS constraint model is developed in Section III.
Experiment results are presented in Section IV. Conclusion is drawn in Section V.
II. PROBLEM FORMULATION
The equation of the elliptic arc with five parameters [22] , i.e., center (h, k), semi axes a and b, and the counterclockwise rotation angle θ, can be written as:
The second-order polynomial is easy to solve, so a lot of publications focused on the second-order polynomial model [22] - [28] . And the second-order polynomial model of (1) is:
where
and
An edge point of the elliptic arc (x n , y n ) can be transformed into the second-order polynomial model:
To adapt the TS constraint framework, we convert (9) as:
III. DEVELOPMENT OF PROPOSED ALGORITHM
Generally, the edge points are disturbed by noise, so the second-order polynomial (10) is an approximate model. Let a = [A B C D E ] T , and the edge point vector x n = [x 2 n x n y n y 2 n x n y n ] T . The coefficient vector a projects the
N is the number of edge points, and ξ is the error correction parameter and satisfies 0 ≤ ξ ≤ 1. The TS constraint model is defined as:
To reduce the influence of large level noise, (11) is considered as a weak-constrained optimization problems [29] . We introduce the auxiliary variable v n to decouple parameters from TS constraint, and v n is defined as:
Then, (11) can be rewritten as:
Note that the equality constraint v n = a T x n only relates to a. To obtain the solution of a, we devise the following augmented Lagrangian function :
where ρ is a positive scalar, and λ n is the Lagrange multiplier [20] , [21] .
Variables {ξ, a, v n , λ n } are updated via the following iterative procedure:
1) With given set {ξ (t), v n (t), λ n (t)}, we compute a(t + 1) from:
Problem (15) is equivalent to minimize the quadratic polynomial problem, so the solution of a(t +1) is given by:
2) With given set {a(t + 1), λ n (t)}, we compute {ξ (t + 1), v n (t + 1)}:
(19) can be simplified as:
wherẽ
The TS constraint, i.e., 1 − ξ ≤ |v n | 2 ≤ 1 + ξ , leads to parameter ξ coupling with v n . Once ξ is given, the v n (t + 1) can be computed by:
Based on the above analysis, (19) can be represented as the optimization problem with respect to single variable ξ [30] [31] :
where the weighted functions are defined as:
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Actually, the objective function of (23) is a piecewise function of variable ξ that is affected by weighted functions. To solve (23), we select K reasonable and nonredundant turning points {|ṽ n (t)| 2 − 1, 1 − |ṽ n (t)| 2 } from (0, 1) and rearrange them in the ascending order as [ξ 1 (t), . . . , ξ K (t)]. Then, the objective function of (23) can be expressed as K + 1 subfunctions. Each subfunction has the same objective function as (23) but with the different constraint, for example, the constraint of the kth subfunction is ξ ∈ [ξ k−1 (t), ξ k (t)]. The first and second derivatives are used for analyzing the properties of the function (23) w.r.t. ξ are given by:
Obviously, the second derivative is positive, so each subfunction is convex. The optimal value of the kth subfunction can be obtained from the following case: Case 1: When the first derivative of (23) w.r.t. ξ is positive (or negative) in ξ ∈ [ξ k−1 (t), ξ k (t)], the function is increasing (or decreasing), and the optimal value of ξ is ξ k−1 (t) (or ξ k (t)); Case 2: If the first derivative of (23) w.r.t. ξ has different signs at ξ k−1 (t) and ξ k (t), then the optimal valueξ (k) for the first derivative of (23) can be obtained by employing bisection method in the region ξ ∈ [ξ k−1 (t), ξ k (t)]. The optimal value of the kth subfunction is denoted asξ k . Insertingξ k into (23), we obtain the potential optimal value denoted asŵ k . K + 1 subfunction values, denoted as {ŵ 1 , . . .ŵ k , . . . ,ŵ K +1 }, can be calculated by the above Case 1 or Case 2. Letŵ i = min{ŵ 1 , . . .ŵ k , . . . ,ŵ K +1 }, then we update the optimal ξ (t + 1):
Once the ξ (t + 1) is determined, the optimal v n (t + 1) can be obtained from (22) . 3) λ n is updated as:
− a T (t + 1)x n , n = 1, . . . , N . (29) Steps 1) to 3) are repeated until the algorithm converges. Finally, the standard elliptic arc parameters {a, b, h, k, θ} are computed from the estimatedâ: 
whereâ(i) denotes the ith entry of the vectorâ. The implementation pipeline of shape control system can be illustrated by the graphical flow diagram in Fig. 2 . The halo with high brightness is distinctive in the captured image, so the outer edge of the elliptic halo can be easily obtained via the same method as reference [9] in the data preprocessing step.
The proposed algorithm is summarized as follows:
------------------------Proposed Algorithm for Elliptic Arc Fitting and Shape Parameters Estimation: ------------------------
Initialize: v n , ρ, λ n , ξ and σ ; Repeat Determine a using (18); Determine ξ and v n using (28) and (22), respectively; Update λ n using (29); until convergence Calculate the elliptic arc parameters {θ, a, b, h, k} using (30)-(33).
------------------------

IV. SIMULATION AND EXPERIMENTAL RESULTS
In this section, we verify the effectiveness of the proposed method on simulations and real SSC data. A PC with Intel i5, 3.30GHz and Memory 16GB is used. In addition, we initialize parameter v n as 1, ρ and σ are set as 0.01 and 1, respectively. Other parameters are randomly initialized.
For the purpose of comparison, the Hough transform (HT) [8] , the Bayesian method [9] , and the direct least square fitting (DLSF) method [18] are implemented on the same data. different intensity noises on the performance of the proposed algorithm.
We produce three sets of experimental data with noise variance 0.0001, 0.001 and 0.01 respectively, and the noisy edge points are represented by ''+''. From Figs. 3-5, it can be concluded that: i) the performance of DLSF method and Bayesian method degrade with the noise variance increase; ii) the HT method and the proposed method are close to the truth in three noise cases. 
B. EXPERIMENT 2: EXTENSIVELY SYNTHETIC DATA WITH NOISE
We evaluate the ability of the proposed method by fitting elliptic arcs with different configuration of parameters in this experiment. The parameters are given by h
The radian of elliptic arc is selected from 150 • to 270 • randomly, and the variance of edge noise is randomly produced from 0.0001 to 0.01. In addition, the data point number of ith synthetic arc is integer I i , I i ∈ [30, 100], i = 1, . . . , M , and M is the number of synthetic ellipse arcs.
To evaluate the accuracy of the proposed method, we define the following C_RMSE via M Monte Carlo runs expressed as: where
x i and x i represent the estimated value and the true value, respectively. Let vectorx = [x 1 , · · · ,x M ], and vector E(x) = [CSE(x 1 ), · · · , CSE(x M )]. For comparison purpose, we produce 1000 synthetic ellipse arcs by using the above configuration rule and use Matlab s function h(x) = hist(E(x), l) to show the fitting results of all methods, where l is the number of histograms. In this experiment, we set l as 1000.
To sufficiently evaluate the performance of the algorithms, we add the additional measurement criterion: where · p represents the p -norm,â i and a i represent the estimated elliptic parameter and the true parameter, respectively. We take p as 1, 2 and ∞ to measure the fitting accuracy, respectively. It can be concluded from Figs.6-10 that: i) the range of the horizontal axis represents the anti-noise capability of the algorithm. That is to say, the shorter the horizontal looks, the better the anti-noise capability of the algorithm is. Obviously, the HT method and the proposed method have excellent anti-noise capability; ii) the DLSF method and the Bayesian method show poor estimation for a few simulation data which lead to large CSE values. The performance of the algorithms can also be known from Table 1 and Table 2 .
C. EXPERIMENT 3: APPLICATIONS AND COMPARISONS
In this experiment, we verify the effectiveness of the proposed method on the real SSC data that are collected from the TDR-150 CZ crystal furnace shown as Fig. 11 . There exists a highlight elliptic halo in the crystal image as shown P. Li, D. Liu: Elliptic Arc Fitting for the Shape Control System of SSC Growth in Fig. 12(a) . Fig. 12(b) shows the outer edge of the elliptic halo, which is obtained by using the same method as reference [9] .
We first test the effectiveness of the proposed method on real high-quality image as shown in Fig. 12(a) . Fig. 13 shows the fitting results of different methods. Fig. 14(a) shows the poor-quality crystal image disturbed by noise. The outer edge of elliptic halo is shown in Fig. 14(b) , and Fig. 15 shows the fitting results.
It can be concluded from Table 3 that: 1) the Bayesian method has a poor estimation in both high and poor quality crystal images, that's because of the discrete and irregular distribution of the image data; 2) the DLSF method is the most time-saving, but its calculation error is high; 3) the HT method achieves the satisfactory results via searching the global maximum in the 5-D parameter space, and thus it is time consuming. The proposed method can get the closest accuracy to HT method, but it is faster than HT method. 
D. COMPUTATIONAL COMPLEXITY AND ACCELERATION
The computational complexity of the proposed algorithm is mainly determined as follows: • The total computational complexity of computing W 1 and W 2 is O(4N );
• The solution of ξ needs to be discussed in different cases, so the computational complexity is difficult to determine precisely. Here the maximum computational complexity of ξ is summarized as O((K +1)log( L ε )). L is the maximum interval length in the constraint interval of the K +1 subfunctions, and ε is the tolerance of bisection method;
• The computational complexities of computing v and λ are O(2N ) and O(5N ), respectively.
The computational complexities of the DLSF method is O(36N + 3 * 6 3 ). The HT method and the Bayesian method redundantly search for optimal parameters in parameter space, which is time-consuming. The computational complexity of these methods also can be reflected by the runtime in Table 3 .
The current un-optimized algorithm is verified in MATLAB, it can be further accelerated by implementing the code in C/C++. 
V. CONCLUSION AND FUTURE WORKS
This paper presents an effective elliptic arc fitting method to obtain the shape parameters of SSC. On the basis of the original polynomial model, we introduce the error correction parameter, and develop the TS constraint method. It can be shown from experimental results that the proposed method fits the elliptic arc for the SSC shape control system almost as accurately as the HT method, but it is more time-saving than HT method. In the future, we will research how to robustly obtain the shape parameters of SSC disturbed by the outliers.
